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Ilejecting as in the former case solutions which will transform (1) into a 
conic, we see that dx-v-dO is equal to zero if 

D = B. (17) 

The eq'n of the cubic will then be 

y ~ X Cx + D> (A > 

and the straight line joining the extremities of two chords, drawn through 
the origin at right angles to each other, will pass through a fixed point on 
the axis oix, the abscissa of which, from eq'n (6) or (15) we find to be 

» = - J. (JB") 

The fixed point can of course lie at an infinite distance from the origin ; 
the right line joining the extremities of the chords will then be parallel to 
the axis of x. 

Concerning the conies, where the constant angle is 90° and the point from 
which the chords are to be drawn can be taken anywhere on the curve, 
the investigation is of such a special interest that it deserves a separate trea- 
tise, which we hope to give in another number of this periodical. 



INTEGRA1ION OF THE GENERAL EQUATION OF MOTION. 



BY DR. J. MORRISON, NAUTICAL ALMANAC OFFICE, WASH., D. C. 

The first difficulty which the student encounters in reading Gauss's 
Theoria Motus Corporum Celestium, is found in Article 3, where 

ax + fly + f = T 
is given as the general equation of the conic sections. 

The equation is, I believe, due to La Place, who gave a demonstration of 
it in the Me canique Celeste, Book II, Chap. Ill ; and therefore, for want 
of a better name, I shall take the liberty of calling it La Place's Equation 
to the Conic Sections. I purpose in this brief paper to give a short and 
easy demonstration of this equation and to discuss it with the view of ascer- 
taining the significance of the constants a, /9, y. 

Let us assume the general equations of motion which are 

where J 1 is the force. If Fvaxy as 1-i-r 2 , as is the case in nature, then F 
= /u-i-r 2 , where fj. is the unit of force at the unit of distance or the absolute 
force, and (1) and (2) become 
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d 2 x fix m d*y __fiy , 4 v 

Multiply (3) by y and (4) by », subtract tbe former from the latter and 

we get 

d 2 w d % x n 

* ■# - y se - °- 

Integrating we have 

dy dx . . 

x -& — w -=- = a constant 
d< * eft 

= A, suppose, (5) 

and expressing this in polar coordinates we have the well known equation 

r * I = h > ^ 

where h is twice the area described by the radius vector in a unit of time. 

Again, x-i-r = cos d; 

d fx\ . a dd r sin , d# y , , 

j-(-) = — sin -j- = ^— r 2 -j- = — -^ . A; whence 

dAr/ eft r 3 eft r 3 

X = — i . Af^V 
r 3 A ' cft'/v 

Similarly 



A' eftVr/' 



Substituting in (3) and (4), we have 

d 2 x __ jx d (y\ 

W~ h'~di\r)' 

d 2 y [id /x\ 

~d¥~ h'~dt\r)' 
By the integration of these we have 

^ = _ tfy 4- r\ 

dt h\r + p r 

^ = t(* + a), 
dt h\r ^ I 

Substituting in (5) we get 

f(*H + f(f + *) = *• 

which is easily reduced to 

ax + fy + r =-- ^, (7) 

the equation required. 

By comparing this with La Place's Equation we see that y, the absolute 
term, is necessarily positive and equal to h?-i-fi ; we shall also see presently 
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that y is an important element in the conic section which the above equa- 
tion represents. Eliminating r from (7) by means of the eq'n x 2 -f- y i = r i 
and reducing we have 

(i — «v + (i — /SV — 2a fay + 2 «r a! + 2 Pry — f = o, ( 8 ) 

the general equation to a conic section, the origin being in the present case 
at the focus. It now remains to ascertain the significance of the constants 
which enter into this equation, and in order to do this it will be necessary 
to express the general equation to the conic in the following form. 

Let RAQ be a portion of the i 
curve, F the focus and origin, HEX 
the directrix, FX and FY the axesj 
and BF the axis of the curve. 

Put to= the angle BFX, p=FB,\ 
e = PF-r-PC and x and y the coor- 
din's of P; then we have FB 2 +PB 2 » 
= PF 2 = e 2 PC 2 , or x 2 +y 2 = e 2 PC 2 
= e 2 ( p — x cos to — y sin a)) 2 , or 

(1 — e 2 c,OB 2 co)x 2 + ( 1 — e 2 s\n 2 o))y 2 — 2e 2 xy sin to cos to 4- 2e 2 pa; cos to -\-2e 2 py sin to 

— eV = 0. (9) 

By comp'ng (8) and (9) we see that a? = e 2 cos 2 a) and /3 l = e'sin 2 to, whence 
e = j/(a 8 +/9 2 ) . . . (10), tan to = /3-^-a . . . (11). 

If to — 0, the axis of X coincides with the axis of the curve, but by (11) 
when to = 0, ^3 = and therefore putting /9 = in (8) it becomes 

(1 — a 2 )x 2 + y 2 + 2afa — f = 0; 
and if x = 0, then y = y, or the simi latus rectum = y = h 2 
as was shown above. 

By comparing the absolute terms of (8) and (9) we have 

r = 7 

e 




P 



(12) 



(13) 



I/K + /3 2 ) 

The eq. to the directrix EH is, in terms of to and p, a cos to-\-y sin a> = p. 

Eliminating to and p by (11) and (13) we get ax -f- j3y = y (14) 

for the equation to the directrix in terms of a, /?, y. 

The eq'n ax-\-fty-{-r = y will of course represent an ellipse, a parabola or 
a hyperbola according as j/(a 2 -|-/5 2 ) is less than, equal to, or greater than 1. 

In the special case of a and # being both equal to zero, we have e = 0, 
which characterizes a circle whose eq'n will therefore be r = y=h 2 -i-/i. 

When /?=0, a = e and the eq'n bee's ex+r = y= h 2 -±-[i and a — rcosO, 

,'. T = C 

1 -\- ecos 6 
the well known polar equation to the conic sections. 



